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Reentrant superconductivity in URhGe
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There is presented a phenomenological description of phase diagram of ferromagnet superconduc-
tor URhGe. In frame of the Landau phenomenological theory it was found that phase transition
between anisotropic ferromagnetic and paramagnetic states under strong enough magnetic field per-
pendicular to direction of easy magnetization changes from the second to the first order type. It
is shown that magnetic susceptibility corresponding to longitudinal magnetic fluctuations strongly
increases in vicinity of the first order transition stimulating reentrance of superconducting state.
The reentrant superconductivity observed near the first order transition line at temperatures about
twice lower than the tricritical point temperature exists both in ferromagnet and paramagnet state.
The critical temperature of transition to superconducting state falls down at intersection with line
of ferromagnet-paramagnet phase transition.
PACS numbers: 74.20.Mn, 74.20.Rp, 74.70.Tx, 74.25.Dw
I. INTRODUCTION
The superconductivity in uranium compounds UGe2,
UCoGe and URhGe (for the most recent reviews, see
Refs. 1 and 2) developing deeply inside of ferromagnetic
state most probably belongs to triplet equal spin pairing
type. These strongly anisotropic ferromagnets have or-
thorhombic crystal structure with magnetic moment di-
rected along one of crystallographic directions: parallel
to a-axis in UGe2 and to c-axis in UCoGe and URhGe.
The latter has peculiar property. At low enough temper-
ature the magnetic field about 1.3 Tesla directed along
b-axis suppresses the superconducting state3 but at much
higher field about 8 Tesla the superconductivity is recre-
ated and exists till the field about 13 Tesla.4 The maxi-
mum of superconducting critical temperature in this field
interval is ≈ 0.4 K.
The problem of stimulation of triplet superconductiv-
ity in anisotropic ferromagnets by magnetic field perpen-
dicular to spontaneous magnetization has been discussed
by the present author5,6. This has allowed to explain
the strong upturn of the upper critical field along b di-
rection in UCoGe7 by the increase of the pairing inter-
action caused by the suppression of the Curie tempera-
ture by magnetic field. There was pointed that a similar
mechanism also stimulates the recreation superconduct-
ing state in URhGe. This case, however, the supercon-
ducting state exists not only inside of ferromagnetic state
but also in the paramagnetic state separated from the
ferromagnetic state by the phase transition of the first
order.
The observation of abrupt collapse of spontaneous
magnetization under strong enough external field along
b axis has been reported already in the first publication
about magnetic field-induced superconductivity in ferro-
magnet URhGe.4 Quite recently the first order character
of transition has been directly confirmed by the obser-
vation of hysteresis8 in the Hall resistivity in vicinity of
transition field HR ∼ 12.5 T at temperatures below
0.8 K.
In the present paper we develop the approach of
Refs.5,6 in application to superconductivity arising on
both sides of the first order type phase transition from
anisotropic ferromagnetic to paramagnetic state under
external magnetic field perpendicular to spontaneous
magnetization. In next section we present the Landau
type phenomenological description of the ferromagnet-
paramagnet phase transition. Then we find the com-
ponents of magnetic susceptibility determining the su-
perconducting pairing interaction and show that mag-
netic susceptibility corresponding to longitudinal mag-
netic fluctuations strongly increases in vicinity of the
first order transition stimulating reentrance of supercon-
ducting state. After that the difference in the supercon-
ducting critical temperature on both sides ferromagnet-
paramagnet phase transition is demonstrated . The re-
sults are discussed in the last part of the paper.
II. PHASE TRANSITION IN ORTHORHOMBIC
FERROMAGNET UNDER MAGNETIC FIELD
PERPENDICULAR TO SPONTANEOUS
MAGNETIZATION
We begin with the Landau free energy of orthorhombic
ferromagnet in magnetic field H(r)
F =
∫
dV (FM + F∇), (1)
where in
FM = αzMz
2 + βzMz
4 + δzM
6
z
+αyM
2
y + αxMx
2 + βyzMz
2My
2 + βxzMz
2Mx
2
−MH,(2)
we bear in mind the orthorhombic anisotropy and also
the term of the sixth order in powers of Mz. The density
of gradient energy is taken in exchange approximation
F∇ = γij
∂M
∂xi
∂M
∂xj
. (3)
2Here, the x, y, z are directions of the spin axes pinned to
a, b, c crystallographic directions correspondingly,
αz = αz0(T − Tc0), (4)
αx > 0, αy > 0 and matrix γij is
γij =

 γxx 0 00 γyy 0
0 0 γzz

 . (5)
In constant magnetic field H = Hy yˆ the equilibrium
magnetization projections along x, y directions are ob-
tained by minimization of free energy (2) in respect of
Mx,My
Mx = 0, My =
Hy
2(αy + βyzM2z )
. (6)
Substituting these expressions back to (2) we obtain
FM = αzMz
2 + βzM
4
z + δzM
6
z −
1
4
H2y
αy + βyzM2z
, (7)
that gives after expansion of denominator in the last term
FM = −
H2y
4αy
+ α˜zMz
2 + β˜zMz
4 + δ˜zM
6
z + . . . , (8)
where
α˜z = αz0(T − Tc0) +
βyzH
2
y
4α2y
, (9)
β˜z = βz −
βyz
αy
βyzH
2
y
4α2y
(10)
δ˜z = δz +
β2yz
α2y
βyzH
2
y
4α2y
(11)
We see that under a magnetic field perpendicular to
direction of spontaneous magnetization the Curie tem-
perature decreases as
Tc = Tc(Hy) = Tc0 −
βyzH
2
y
4α2yαz0
. (12)
The coefficient β˜z also decreases with Hy and reaches
zero at
Hcry =
2α
3/2
y β
1/2
z
βyz
. (13)
At this field under fulfillment the condition
αz0βyzTc0
αyβz
> 1 (14)
the Curie temperature (12) is still positive and at
Hy > H
cr
y
phase transition from paramagnetic to ferromagnetic
state becomes the transition of the first order. The
point (Hcry , Tc(H
cr
y )) on the line paramagnet-ferromagnet
phase transition is tricritical point.
The minimization of the free energy Eq. (8) gives the
value of the order parameter in ferromagnetic state
M2z =
1
3δ˜z
[−β˜z +
√
β˜2z − α˜z δ˜z]. (15)
The minimization of the free energy in paramagnetic
state
Fpara = αyM
2
y −HyMy (16)
in respect My gives equilibrium value of magnetization
projection on axis y in paramagnetic state
My =
Hy
2αy
. (17)
Substitution it back in Eq. (16) yields the equilibrium
value of free energy in paramagnetic state
Fpara = −
H2y
4αy
. (18)
On the line of the phase transition of the first order de-
termined by equations9
FM = Fpara,
∂FM
∂Mz
= 0 (19)
the order parameter Mz has the jump
M⋆
2
z = −
β˜z
2δ˜z
. (20)
Its substitution back in equation FM = Fpara gives the
equation of the first order transition line
4α˜z δ˜z = β˜
2
z , (21)
that is
T ⋆ = T ⋆(Hy) = Tc0 −
βyzH
2
y
4α2yαz0
+
β˜2z
4αz0δ˜z
. (22)
The corresponding negative jump of My is given by
M⋆y =
Hy
2(αy + βyzM⋆
2
z )
−
Hy
2αy
. (23)
III. SUSCEPTIBILITIES
Magnetic susceptibilities along all directions are found
as this has been done in5,6. In paramagnetic state they
are:
χpxx(k)
∼=
1
2αx + γijkikj
, (24)
χpyy(k)
∼=
1
2αy + γijkikj
, (25)
χpzz(k)
∼=
1
2α˜z + γijkikj
. (26)
3The susceptibilities in ferromagnetic state are
χxx(k) = χ
p
xx(k), (27)
χyy(k) ∼=
1
2(αy+βyzM2z )+γijkikj
, (28)
χzz(k) ∼=
1
2α˜z+12β˜zM2z+30δ˜zM
4
z+γijkikj
. (29)
The spin-triplet pairing interaction is expressed through
the odd part of the susceptibility components5,6 :
χuii(k,k
′) =
1
2
[χii(k−k
′)−χii(k+k
′)], i = x, y, z. (30)
Thus we have for paramagnetic state
χpuxx(k,k
′) ∼=
γijkik
′
j
2(αx + γk2F )
2
, (31)
χpuyy(k,k
′) ∼=
γijkik
′
j
2(αy + γk2F )
2
, (32)
χpuzz (k,k
′) ∼=
γijkik
′
j
2(α˜z + γk2F )
2
. (33)
Here γk2F ≈ γijkikj . The corresponding components in
ferromagnetic state are:
χuxx(k,k
′) = χpuxx(k,k
′), (34)
χuyy(k,k
′) ∼=
γijkik
′
j
2(αy+βyzM2z+γk
2
F
)2
, (35)
χuzz(k,k
′) ∼=
γijkik
′
j
2(α˜z+6β˜zM2z+15δ˜zM
4
z+γk
2
F
)2
. (36)
Thus, at transition from paramagnetic to ferromagnetic
state the y and z components of susceptibility abruptly
decrease their values.
As it was demonstrated in5,6 pairing interaction in fer-
romagnetic state is mostly determined by z component
of susceptibility. Making use Eqs.(20), (21) one can find
its value at line of the first order transition
χuzz(k,k
′) ∼=
γijkik
′
j
2(4α˜z(T ⋆) + γk2F )
2
=
γ˜ij kˆikˆj
2(4
T⋆−Tc(Hy)
Tc0
+ 1)2
(37)
Here, γ˜xx = γxx/γ, . . . are numbers of the order of unity,
kˆi = ki/kF are components of the unit vector k and, as
in Ref.6, we have used the estimation αz0
γk2
F
∼= 1Tc0 .
It is instructive to compare this with z component of
susceptibility at Hy = 0 found in Ref.6
χuzz(k,k
′) ∼=
γijkik
′
j
2(−2αz + γk2F )
2
=
γ˜ij kˆikˆ
′
j
2(2Tc0−TTc0 + 1)
2
. (38)
The denominators in these two equations have quite
different magnitude. Indeed, taking into account that
superconductivity in URhGe exists at T ≪ Tc0 one can
note that
2
Tc0 − T
Tc0
≈ 2, (39)
at the same time the magnetic fields at line of the first
order are just slightly larger than the field in tricritical
point Hcr. Hence
4
T ⋆ − Tc(Hy)
Tc0
=
β˜2z
αz0δ˜zTc0
≪ 1. (40)
Thus the susceptibility in vicinity of the first order
transition proves to be much larger than susceptibility at
small transverse fields Hy. This protects the reentrance
of superconductivity near the first order transition.
IV. SUPERCONDUCTING STATE IN VICINITY
OF THE FIRST ORDER TRANSITION
In Ref.5,6 there was shown that the suppression of
the Curie temperature by magnetic field perpendicular to
spontaneous magnetization leads to effective increase of
pairing interaction. This effect can in principle compen-
sate the suppression of superconductivity by the orbital
depairing. In UCoGe where the Curie temperature Tc
not strongly exceeds the temperature of transition to su-
perconducting state Tsc this mechanism successfully ex-
plains the upturn of the upper critical field or nonsensi-
tivity Tsc(H) for field along b direction above 5 Tesla.
In URhGe the Curie temperature is much higher than
Tsc. Hence, the orbital effect succeeds to suppress the
superconducting state (Hbc2(T = 0) ≈ 1.3 T see Ref. 3)
much before the effect of decreasing of Curie temperature
and stimulation of pairing intensity reveals itself. But at
fields higher than 8 Tesla the latter effect starts to over-
come the orbital depairing and the superconducting state
recreates. The critical temperature of superconducting
transition begins grow up and approaches to the line of
the first order transition from ferromagnetic to paramag-
netic state and intersects it.4,8 Here we have a look what
is going on with line of superconducting phase transition
at intersection with line of ferromagnet-paramagnet first
order phase transition T ⋆(Hy).
If the external field orientated along b-axis, that is per-
pendicular to the exchange field h, it is natural to choose
the spin quantization axis along the direction of the total
magnetic field hzˆ +Hyyˆ. Then the normal state matrix
Green function is diagonal
Gˆn =
(
G↑ 0
0 G↓
)
, (41)
where
G↑,↓ =
1
iωn − ξ
↑,↓
k
± µB
√
h2 +H2y
. (42)
In view large spin-up spin-down band splitting one can
neglect by the interband ∆↑↓ pairing amplitudes and take
the matrix of the order parameter as
∆ˆ =
(
∆↑ 0
0 ∆↓
)
(43)
4The critical temperature of transition in superconduct-
ing state Tsc(Hy) is determined from self-consistency
equations linear in the spin-up ∆↑ and the spin-down
∆↓ order parameter components. In ferromagnetic state
they are5,6:
∆↑(k,q) = µBI
2T
∑
n
∑
k′
{[
χuzz(k,k
′) cos2 ϕ+ χuyy(k,k
′) sin2 ϕ
]
G↑1G
↑
2∆
↑(k′,q)
+
[
(χuxx(k,k
′)− χuyy(k,k
′)) cos2 ϕ+ (χuxx(k,k
′)− χuzz(k,k
′)) sin2 ϕ
]
G↓1G
↓
2∆
↓(k′,q)
}
, (44)
∆↓(k,q) = µBI
2T
∑
n
∑
k′
{[
(χuxx(k,k
′)− χuyy(k,k
′)) cos2 ϕ+ (χuxx(k,k
′)− χuzz(k,k
′)) sin2 ϕ
]
G↑1G
↑
2∆
↑(k′,q)
+
[
χuzz(k,k
′) cos2 ϕ+ χuyy(k,k
′) sin2 ϕ
]
G↓1G
↓
2∆
↓(k′,q)
}
. (45)
Here, I ≈ Tc0/nm
2 is an exchange constant, n is the
concentration of uranium atoms, m is magnetic moment
per atom at zero temperature, G↑1 = G
↑(k′, ωn), G
↑
2 =
G↑(−k′+q,−ωn) and similarly for the G
↓
1 and G
↓
2 Green
functions. Angle ϕ is determined by
tanϕ = Hy/h.
In paramagnetic state ϕ = pi/2, χu → χpu,
G↑,↓ =
1
iωn − ξk ± µBHy
(46)
and the system of equations is reduced to
∆↑(k,q) = µBI
2T
∑
n
∑
k′
{
χpuyy(k,k
′)G↑1G
↑
2∆
↑(k′) + (χpuxx(k,k
′)− χpuzz (k,k
′))G↓1G
↓
2∆
↓(k′,q)
}
, (47)
∆↓(k,q) = µBI
2T
∑
n
∑
k′
{
(χpuxx(k,k
′)− χpuzz (k,k
′))G↑1G
↑
2∆
↑(k′,q) + χpuyy(k,k
′)G↓1G
↓
2∆
↓(k′,q)
}
. (48)
As we mentioned already the y and z components of sus-
ceptibilities undergo a finite jump at first order phase
transition from ferromagnetic to paramagnetic state.
The Fermi surfaces of split spin-up and spin-down elec-
tron bands, and the average density of states on them
also undergo an abrupt changes. Finally, the structure
of equations for determination of the critical temperature
of transition in superconducting state Tsc(Hy) is quite
different on both sides of the ferromagnet-paramagnet
phase transition. So, the line of Tsc(Hy) should undergo
a jump at intersection of line of the first order phase
transition T ⋆(Hy). The amplitude of spin up-up pair-
ing in ferromagnet state is mostly determined by large
z component of susceptibility but this is not the case in
paramagnet state where it is determined by much smaller
y component. As result the critical temperature of su-
perconducting transition abruptly fall down at transition
from ferromagnet to paramagnet state. The experiment4
clearly demonstrates an abrupt fall of the critical tem-
perature at this transition.
V. CONCLUDING REMARKS
In application to URhGe we have presented the phe-
nomenological description of phase diagram in this or-
thorhombic ferromagnet under magnetic field along b axis
perpendicular to direction of spontaneous magnetization.
Making use the Landau phenomenological theory we have
found that phase transition between anisotropic ferro-
magnetic and paramagnetic states under strong enough
magnetic field perpendicular to direction of easy magneti-
zation changes its order from the second to the first order
type. The tricritical point (Hcry , Tc(H
cr
y )) on phase tran-
sition line divides it on two peaces Tc(Hy) and T
⋆(Hy)
of the second and the first order correspondingly.
The appearance of reentrant superconductivity is ex-
plained by strong increase of magnetic susceptibility
corresponding to longitudinal magnetic fluctuations in
vicinity of the first order transition. The reentrant su-
perconductivity observed in vicinity of first order tran-
sition line T ⋆(Hy) at temperatures about twice lower
than Tc(H
cr
y ) exists both in ferromagnet and paramagnet
5state. The critical temperature of transition to supercon-
ducting state undergoes an abrupt falldown at intersec-
tion with line of ferromagnet-paramagnet phase transi-
tion.
It should be noted that similar treatment can be under-
taken at magnetic field directed along a-axis. Howewer,
a-direction is magnetically much harder than b one:
αx ≫ αy. Hence, the suppression of the Curie temper-
ature and β˜z coefficient by magnetic field Hx is much
less effective. However, one can expect developement of
similar phenomena at much higher fields along x direc-
tion. By the same reason if we already are in vicin-
ity of the phase transition of the first order caused by
application of magnetic field along b-axis and then add
some field along a axis increasing the magnitude of total
magnetic field H =
√
H⋆2y +H
2
x this introduces negli-
gible changes in pairing interaction realized in absence
of field along a-axis. At the same time the upper crit-
ical field in a direction is in one and half times larger
than in b direction.3 This roughly explains the stability
of reentrant superconductivity in URhGe up to the fields
H =
√
H⋆2y +H
2
x ≈ 30 Tesla.
10
It is known that in presence of an external field along
direction of spontaneous magnetization zˆ the line of the
first order transition T ⋆(Hy) spreads to two surfaces of
the first order transition T ⋆(Hy,±Hz). At these sur-
faces the jump in ferromagnet spontaneous magnetiza-
tion decreases and disappears completely on some lines
beginning at tricritical point Tc(H
cr
y , Hz = 0). There was
proposed4 that these lines are finished at zero tempera-
ture in some quantum critical points in (Hy, Hz) plane.
The critical magnetic fluctuations have been put forward
as a source stimulating superconductivity in vicinity of
line of ferromagnet-paramagnet first order phase tran-
sition T ⋆(Hy) in absence of Hz. This idea looks like
plausible. Nevertheless one can remark that in general
tricritical line T cr(Hy, Hz) can never reach the zero tem-
perature or simply be dislocated far enough from the su-
perconducting region on the phase diagram. Here we
have demonstrated that reentrant superconductivity in
URhGe can arise even in absence of critical fluctuations
due to drastic increase of longitudinal susceptibility in
vicinity on the first order transition line from paramag-
net to ferromagnet state.
The treatment of superconducting properties of ura-
nium ferromagnets developed in Ref. 5,6 and in the
present paper has been performed in frame of weak cou-
pling superconductivity theory. We have operated with
frequency independent magnetic susceptibilities found in
thermodynamically equilibrium state. Certainly, there
are many properties of these materials like field depen-
dence of electron effective masses1,2, NMR and NQR re-
laxation anisotropy11,12, temperature dependence of the
upper critical fields7 which demand development of the-
ory of frequency dependent electron - magnon interac-
tion determining superconducting pairing in magneti-
cally strongly anisotropic media.
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